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esign and implementation of an efficient Priority Queue

. van Emde Boas, R. Kaas & E. Zijlstra

BSTRACT

We present a data structure, based upon a hierarchically decomposed
ree, which enables us to manipulate on-line a priority queue whose prion
ies are selected from the interval.l...n with an average and worst case
rocessing time of O(log log n) per instruction. The structure can be use
> obtain a mergeable heap whose time requirements are about as good. Ful
estails are explained based upon an implementation of the structure in a

\SCAL program contained in the paper.

IY WORDS & PHRASES: priority queue, binary tree, analysis of algorithms,
mergeable heap, PASCAL, disjoint set union, insert-—

extract min problem.
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1. INTRODUCTION

The main problems in the design of efficient algorithms for s
)ulation result from the incompatible requests posed by the distin
:ions one likes to execute simultaneously. Instructions for insert
leleting or for testing membership of elements in sets require a d
‘ure supporting random access. On the other hand instructions for
‘he value of the smallest or largest element, or the successor or
r of a given element, require an ordered representation. Finally
:ions which unite two sets, so far, have only been implemented eff
1Ising a tree structure.

An example of an efficient algorithm which resolves one of th
‘licts is the well-known union-find algorithm; its worst case aver
:essing time per instruction has been shown to be of the order A(n
f O(n) instructions on an n-elements universe, where A is the fun
nverse of a function with Ackerman-like order of growth (cf. [1],

The algorithms published until now to resolve the conflicting
'f order and random access all show a worst case processing time o
er instruction for a program of O(n) instructions on an n-element
thich has to be executed on-line. Clearly we should remember that
itruction repertoire which enables us to sort n reals by issuing 0
itructions needs an 0(log n) processing time for the average instr
o0ing so. However if the universe is assumed to consist of the int
.«..0 only, the information-theoretical lowerbound on the complexi
jorting does not apply; moreover it is known that n integers in th
....n can be sorted in linear time.

Data structures which have been used to solve the conflict be




‘der and random access are (among others) the binary heap, AVL trees and
"3 trees. In AHO, HOPCROFT & ULLMAN [1] 2-3 trees are used to support the
1struction repertoire INSERT, DELETE, UNION and MIN with a worst case pro-
:ssing time of order O(log n) per instruction. The authors introduce the
ime mergeable heap (resp. priority queue) for a structure supporting the
jove operations (excluding UNION).

In the present paper we describe a data structure which represents a
‘lority queue with a worst case processing time of ((log log n) per instruc-
on, on a Random Access Machine. The storage requirement is of the order
n log log n). The structure can be used in combination with the tree-
ructure from the efficient union-find algorithm to produce a mergeable
ap with a worst-case processing time of 0((log log n) *A(n)) and a space-
.quirement of order O(nz). The possible improvements of the space require-
nts form a subject of continued research.

The mentioned 0(log n) processing time for manipulating priority queues
d mergeable heaps sometimes form the bottleneck in algorithms; in most
ses however the priority values involved are assumed to be reals, and
nsequently our structure can not be used. In other examples like TARJAN's
cent algorithm to compute dominators in directed graphs [10], the algo-
thm based on a mergeable heap has in the mean time been replaced [8] by
e which does not use such a structure and which runs in inverse
kermann time A(n). It seems however reasonable to assume that applications
11 be described soon; such applications were suggested by HUNT &

YMANSKI [7] and EVEN & KARIV [4].
Disadvantages of the structure are, beside the impossibility of mani-

lating real priority values, the large storage requirements of ((n) for




:ach additional copy of a priority queue, and the theoretical objection that
che time is measured using the uniform measure on a RAM; if charged accord-
lng to the logarithmic measure the improvements of efficiency are lost be-

rause of the size of the involved arguments and values.

l.1. Structure of the paper

Section 2 contains some notations and background information. In sec-
:ion 3 we present a '"silly" implementation of a priority queue with an
)(log n) processing time per instruction. Reconsidering this implementation
7e indicate two possible ways to improve its efficiency to 0(log log n).

In section 4 we describe our stratified trees and their decomposition
.nto canonical subtrees. Next we show how these trees can be used to des-
:ribe a priority queue with an 0(log log n) worst and average case proces-
jing time per instruction. The algorithms for performing the elementary
1anipulations on stratified trees are explained in section 5. These algo-
‘ithms are derived from the PASCAL implementation of our priority queue in
jection 8. It is explained how the complete stratified tree is initialized
ising time O(n log log n). Section 6 discusses how the structure can be
tsed if more than one priority queue has to be dealt with; the latter situa-
:ion arises if we use our structure for implementing an efficient mergeable
leap. Finally, in section 7, we indicate a few relations with other set-
anipulation problems.

Throughout sections, 4, 5 and 6 identifiers typed in this different
ype font denote the values and meanings of the same identifiers in the

'ASCAL implementation.
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.1l. Instructions

2. GENERAL BACKGROUNDS

et n be a fixed positive integer. Our universe will consist

f the set {l,...,n}. For a set S in our universe we conside:

nstructions to be executed on S:

IN :
AX :
NSERT (j) :
ELETE (j) :
EMBER (j) :
XTRACT MIN :
XTRACT MAX :

RECEDECESSOR (j):
UCCESSOR (j) :

EIGHBOUR (j) :

JL MIN (j) :

JL MAX () :

Compute the least element of S
Compute the largest element of S

S := S U {j}

S := 8~ {j}

Compute whether j ¢ S

Delete the least element from S
Delete the largest element from S
Compute the largest element in S < j
Compute the least element in S > j

Compute the neighbour of j in S (see defi

tion 3)
remove from S all elements < j.
remove from S all elements 2 j.

f an instruction cannot be executed properly, e.g. MIN if §

copriate action is taken.

2. Priority queues

A priority queue is a data structure representing a sing

l5+.+,n} on which the instructions INSERT, DELETE, and MIN c

1~line (i.e. some arbitrary order and such that each instruc




executed before reading the next one). Although the priority queue is our
main target, we mention at this point that actually the complete instruction
repertoire given above is supported on our data structure with a worst and
average case processing time of 0(log log n) per instruction (except for
the last two instructions where the processing time is (0(log log n) for each
element removed).

The complete list of instructions above will be called the extended

repertoire hereafter.

2.3. Union-find problem

For arbitrary partitions I = {A,B,...} of {1,...,n} we consider the

following instructions:

FIND (1) ¢ compute the set currently containing i
JNION (A,B,C) : Form the union of the sets A and B and give the name C to

this union.

There is no specific name for a data structure supporting these two
nstructions; the problem of manipulating such a structure is known as the
mion-find problem.

For the famous union-find algorithm based on Tritter-trees, which is
lescribed in more details in section 6, TARJAN [9] has proved an upper and

.ower bound of order A(n).

‘4. Mergeable heaps

A mergeable heap is a data structure which supports the instructions
NSERT, DELETE, MEMBER and MIN on sets which themselves can be united and

earched, i.e. UNION and FIND are also supported. A mergeable heap may be




btained from the union-find structure by replacing the internal nodes of
he Tritter trees by complete priority queues. The resulting structure has an
n 0(log log(n)A(n)) average processing time per instruction; its space re-

uirements are O(nz). Details are given in section 6.

3. A "SILLY" PRIORITY QUEUE WITH O(log n) PROCESSING TIME

.1. The structure

The scheme described in this section is designed primarily in order to
kplain the ideas behind the operations to be executed on the much more
mmplicated structure in the next section.

We assume in this section that n = Zk. We consider a fixed binary tree
f height k. The 2k - n leaves of this tree will represent the numbers
.+.n in their natural order from left to right. The leaves thus represent
1e potential members of the set S. If we had counted from O to n - | this
‘der is nothing but the interpretation of the binary representation of a
mber as an encoding of the path from the root to the leaf; the binary
lgits are read from left to right where O denotes "go left" and 1 means
10 right".

To each node in the tree we associate three pointers, linking the node
» its father and its left- and righthand son. Moreover each node has a one-
.t mark field.

A subset S c [1...n] is represented by marking all the leaves corres-
mding to members of S, together with all nodes on the paths from these
:aves to the root of the tree; see diagram 1.

We present the following sketches of algorithms:




NSERT (i) : mark leaf i and all nodes on the path from leaf
i to the root, until you encounter a node which

was already marked.

IELETE (1) : unmark leaf i and all nodes on the path from
leaf i to the root upto but not including the
lowest node on this path having two marked sons.

[EMBER (i) : test whether leaf i is marked.

IN (MAX) : proceed from the root to the leaves selecting

always the leftmost (rightmost) present son.

XTRACT MIN (EXTRACT MAX): min (max) followed by delete

LLMIN (j) : while MIN < j do EXTRACTMIN od

LLMAX is defined analogously.

REDECESSOR (j) : proceed from leaf j to the root until a node is
encountered having j as a righthand side descen-
dent where the lefthand son is marked. Proceed
from this lefthand son to the leaves always
taking the rightmost present son.

UCCESSOR (j) is defined analogously.

Note that all instructions except PREDECESSOR and SUCCESSOR use the
owest marked node on the path from an ummarked leaf to the root or the
owest branchpoint (i.e. a node having both sons marked) on the path from a
arked leaf to the root. An analogous instruction which does not climb

eyond the lowest "interesting" node is the instruction.

EIGHBOUR (j) : proceed from leaf j to the lowest node such that the

"other" son of this node is marked. If this other son is




a lefthand son then proceed from this node to the leaves
always selecting the rightmost marked leaf; otherwise

select always the leftmost marked leaf.

f we represent the set furthermore using a doubly linked list (for which
he two downward pointers at the leaves may be used), a call of NEIGHBOUR
>llowed by one or two steps in the list will be adequate to execute a call
f PRECEDECESSOR or SUCCESSOR.

From the description of the instruction NEIGHBOUR it is clear in which
:nse the neighbour of a number j is the "nearest' present element to i3
1e neighbour has the largest possible number of common ancestors and in
tse this condition does not define the neighbour unambiguously the neigh-

wur is the other descendent of the lowest common ancestor which has devel-

ved as near to j as possible.

2. Improvements of the time efficiency

It is clear from the above description that our "silly" structure
pports the extended repertoire with an O(log n) processing time per in-
ruction. Using the doubly linked list as an "extra" representation INSERT
d DELETE and NEIGHBOUR take time proportional to the distance in the tree
aversed upon a call whereas MIN and MAX take constant time.

The remaining instructions are "composite". This observation opens a
y to improve the efficiency. The time saved by not climbing high upwards

the tree can be used to perform more work at a single node. For example,
we decide to use at each node a linear list of present sons instead of a
xed number, we can easily accomodate for a tree with branching orders in-

easing from the root to the leaves without disturbing the 0(k) processing




time. Using a tree with branching orders 2,3,4,...,k which contains k! = n
leaves, we can maintain a priority queue of size 0(k!) in time 0(k); the
ibove set up yields therefore an 0(log n/log log n) priority queue which is
tlready better than we had before.

There is, however, much more room for improvement. The operations which
7e like to execute at a single node are themselves priority queue opera-
ions. Consequently using a binary heap we can accomodate for the branching

Koo . : K%/2
rders 2,4,8,...,2", which yields a priority queue of size 0(2 ), and the
rocessing time is reduced to 0(Ylog n).

Note that in both modifications the space requirements remain of 0O(n),
thich is not true for the structure described in §4.

According to the "divide and conquer" strategy, we should however use
it each node the same efficient structure which we are describing. This
uggests the following approach. The universe [l...n] is divided into vn
locks of size vn. Each blok is made a priority queue of size vVn, whereas
he blocks themselves form another priority queue of this size. To execute
n INSERT we first test whether the block containing the element to be in-
erted contains already a present element. If so, the new element is in-
erted in the block; otherwise the element is inserted as first element in
ts block and the complete block is inserted in the "hyper-queue". A DELETE
nstruction can be executed analogously.

Assuming that we can implement the above idea in such a way that in-
erting a first and deleting the last element in a block takes constant time
ndependent of the size of the block, the above description yields for the
un-time a recurrence equation of the type T(n) < T(Vn) + | which has a

olution T(n) < O(log log n).
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Another way to improve the '

'silly" representation which leads again to
the same efficiency is conceived as follows. As indicated the "hard" instruc-
:ions proceed by traversing the tree upwards upto the lowest "interesting"
10de (e.g. a branchpoint), and proceding downwards along a path of present
10de.

If these traversals could be executed by means of a "binary search on
he levels" strategy, the processing time is reduced from 0(k) to 0(log k) =
: O(log log n). A similar idea is involved in the efficient solution of a
special case of the lowest common ancestor problem given by AHO, HOPCROFT &
JLLMAN [2].

The reader should keep boéh approaches in mind while reading the sequel

f this paper.

4. A STRATIFIED-TREE STRUCTURE

t«1. Canonical subtrees and static information

The hierarchical decomposition of a tree in top and bottom trees, as
ijuggested by the divide and conquer strategy, can be performed perfectly,
mly if the height of the tree k is a perfect power of two, i.e. k = 2h for
ome natural number h. Since in approximating the given size of the uni-
‘erse {l...n} by numbers of the form 22h the size of n might have to be al-
ost squared (with the resulting prohibitive time- and space requirements)
‘e settle for a less perfect decomposition where n = 2k and where the char-
cteristic processing time is of order h = riog log ﬁ]. Replacing n by the
ext largest power of two, the overhead for the initializing time and
torage requirements is at most a constant factor 2.

The hierarchical decomposition of our tree is based on a precomputed

ank function. 1f k = 2" a function RANK is defined as follows:
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For 1 < j we define RANK (j) to be the largest number d such that
‘d[j and 29*! | j. For example RANK (12) = 2 and RANK (7) = O. By con-
‘ention we take RANK (0) = h + 1.

Note that for j > 0, RANK (j) = d and j - 2¢

> 0 we have RANK (j) <
aNK (j+29) and RANK (j) < RANK (j-2%); morecever raNK (j+29) # (5-29).
nspired by these proferties we define for less perfect k the concept of a
ank function as follows:

A function £ : {i...j} > N, with i < j is called a rank function
rovided:

i) £(1) # £(3)

ii)  f(k) < min (£(i), £(j)) for i < k < j

iii) either j = i + 1 or otherwise there exists a unique element k such
that i <k < j, f(k) = min (£(i),£(j)) - 1 and the restrictions
£[{i...k} and £|{k...j} are rank functioms.

For example if {i...j} = {0...8} then the function described by the
equence (4 01 02 010 3) is a legal rank function and so is the function
escribed by (8 0 1 2 3 4 56 7); clearly the first rank function reflects
erfect '"divide and conquer" whereas the second function is "as bad as
>ssible'". If f:{i...j} » {0...h+1} is a rank function then clearly'

-i+1 < 20, |

An "optimal" rank function {0...k} > {0...h+1} may be defined induc-
ively as follows: RANK (0) = h+l; RANK (n) = h; next as long as there exist
atervals {i,j} such that RANK (i) and RANK (j) are already defined and
ANK (k) is not yet defined for i < k < j one defines RANK (L (i+j)/21)
min (RANK (i), RANK (j)) - 1. For an explicit algorithm the reader is re-
arred to the procedures fillranks and start in the program in section 8,
1ere it is shown that this function can be precomputed on a RAM in time

(k) (without use of division by two).
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In the sequel we consider a fixed binary tree T with n leaves and k
.evels; RANK denotes a fixed optimal rank function mapping {0...k} onto
0...h+1}.

The level of a node v in T is the length of the path from the leaves
f T to v; the rank of v is the rank of the level of v. Note that the rank
f the leaves equals h + 1, and the rank of the top equals h; all other
odes have lower ranks. The position of a leaf is the number in the set
1,...,n} represented by this leaf. The position of an internal node v
quals the position of the rightmost descendent leaf of its lefthand son;
his number indicates where the borderline lies from‘the two parts resulting
rom splitting the tree along the path from v to the root.

A canonical subtree (CS) of rank d of T is a binary subtree having as
oot a node of rank > d, as leaves all descendents of the root at the
earest level of rank > d (and consequently internal nodes of rank < d).
rom the definition of a rank function it follows that for non-trivial CS
ither the rank of the top or the ranks of the leaves equals d. In the first
ase the tree is called a bottom tree whereas it is called a toptree other-—
ise. A CS of rank d either is a trivial three-element tree, or it is com—
osed in a top and bottom CS's of rank d-1. Canonical subtrees of rank O
re always trivial. The subtree of a CS consisting of its root with all its
eft (right) hand side descendants is called a left (right) canonical sub-
ree.

To any node v of T we associate the following subtrees which are

alled the canonical subtrees of v. Let d = RANK (v).

C(v) : the unique canonical subtree of rank d having v as a leaf.

C(v) : the unique canonical subtree of rank d having v as a root.
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Note that UC(v) is not defined if v is the root whereas LC(v) is not de-
fined if v is a leaf of T. When d = 0, UC(v) and LC(v) consist of three
nodes. Note moreover that the rank of the root of UC(v) and the rank of the
leaves of LC(v) is higher than d.

The left(right) canonical subtree of LC(v) is denoted LLC(v) (RLC(V)).

LC(v) and the half of UC(v) containing v together form the reagch of v, de-
noted R(v). The dynamical information stored at v depends only on what hap-
pens within its reach. The reach of the top is the complete tree, whereas

the reach of a leaf is the set of leaves. See diagram 2 for an illustration.

Clearly the reach of an internal node v of rank d is a subset of some

canonical subtree of rank d + 1, denoted C(v). We say that v lies at the
center—level of C(v); moreover, v is called the center of its reach R(v).

For each node v and each j £ h we denote by FATHER(v,j) the lowest
proper ancestor of v having rank > j. Clearly FATHER(v,h) equals the root t
of T, whereastATHEk(Q;Oy is the "real" father of v in T (provided v # t).
At each node we have an arry of h pointers father[0 : h-1] such that
father[i] yields the rank—-i father of v. SincewaTHER(v,h) always yields the
root of the tree this element doesn't need to be included. These pointers
enable us to climb along a path in the tree to a predetermined level in O(h)
steps. Moreover, given the root of a cs U and one of its leaves, we can
proceed in a single steﬁ to the center of the smallest reach containing the
two which is entirely contained within U.

Actually it will be seen that within our recursive algorithms in sec-
tion 8 for a node of rank d a father pointer to a father of rank > d is
never asked for ! Consequently these pointers might be omitted from the

structure; the resulting structure however should consist of rank-

dependent nodes, whereas the gain in storage efficiency is at most a




nstant factor; therefore this improvement is not implemented.
The static information at a node contains moreover its position and if
: is an internal node its rank. The static information can be allocated and

1itialized in time O(n log log n); details will be given in the next secti

action.

2. Dynamical information

The dynamical information at internal nodes is stored using four
vinters 1lmin, Imax, rmin and rmax and an indicator field ub, which
in assume the values plus, minus and undefined. At leaves the dynamical in-
)rmation consists of two pointers successor and predecessor, and a boolean
"esent.

Let S < {1,...,n} be a set which has to be represented in our strati-
.ed tree. We say that the leaves corresponding to members of S and all
ieir ancestors in the tree are present; the present nodes are exactly the
'des which were marked in our silly structure. A present node can become
'tive and in this case its information fields contain meaningful informa-
on. The values of these fields of a non-active internal node are:
iin = nil, 1lmax = nil, rmin = nil, rmax = nil and ub = undefined. For a
m-active leaf these values are predecessor = nil, successor = nil,

‘esent = false. For an active leaf v the meaning of these fields should be:

‘edecessor: points to the leaf corresponding to the predecessor in S of
the number corresponding to v if existent; otherwise
predecessor = nil.

Iccessor : analogous for the successor

H

‘esent true




15

Remember that a branchpoint is an internal node having two present
ons.
Let v be an internal node, and denote the top of C(v) by t. If v is

ctive its dynamical information fields have the following meaning:

min: points to the leftmost present leaf of LLC(v) if such node exists;
otherwise 1min = nil.

max: idem for the rightmost present leaf of LLC(v).

min: idem for the leftmost present leaf of RLC(v)

max: idem for the rightmost present leaf of RLC(v)

b = plus if there occurs a branchpoint in between v and t, and minus

otherwise.

If v is an active internal node it is present and consequently LC(v)
ontains at least one present leaf; this shows that it is impossible to
ave an active internal node with four pointers equal to nil.

As suggested in the preceding section the time needed to insert a first
r to delete a last element should be independent of the size of the tree.
his is realized by preventing present nodes from becoming active unless

heir activity is needed. This is expressed by the following*

Properness condition: Let v be a present internal node. Then v 18
ctive 1f and only if there exists a branchpoint in the interior of the
each of v (Z.e. there exists a branchpoint u e R(v) which is neither the
op nor a leaf of C(v)). |

A leaf is active if and only if it is present; the root is active iff

he set is non—empty.
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If the internal node v is non-active but present then there is a
iique path of present nodes going from the top t of R(v) to a unique pres-
.t leaf w of C(v) contained in R(v). In our approach we can proceed from
to w and backwards without ever having to visit v, making it meaningless
. store information at v.

If some canonical half-tree has two present leaves then all its pres-—
.t nodes at its center level are active. Also if a node v of rank d is
tive then FATHER (v,d) is active as well. We leave the verifications of

ese assertions as an exercise to the reader.

The set S c {1,...,n} is represented as follows. First the leaves cor-
:sponding to the element of S and all their ancestors are declared to be
‘esent. Next we compute using the properness condition which present nodes
:come active. Finally the dynamical fields of all active and non-active
'des are given their proper values. The resulting information content is
'11ed the representation the set S. We leave it to the reader to convince
mself that this representation is unique.

(In our actual program the structure is initialized at S = @, re-
‘esentations of all other sets being the result of execution of é sequence

instructions from the extended repertoire.)

An example of a proper information content is given in diagram 3
mitting the evident doubly linked list data). The symbol ~ denotes nil

sp. undefined.

5. OPERATIONS ON THE STRATIFIED TREE STRUCTURE

Once having described the representation of a set S by assigning values

particular fields in the stratified tree, the next step is to indicate
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10w the setmanipulation operations mentioned in section 1 can be executed

such that

(1) a processing time of 0(h) = 0(log log n) is realized;

(ii) the structure of the representation is preserved, i.e. the properness
condition should remain valid.

Moreover we must indicate how the static information together with a
legitimate initial state for the dynamic information can be created in the
>roper time and space (i.e. both of order n log log n).

In this section we pay no attention to the self-evident operations
1eeded to manipulate the doubly linked list structure formed by the leaves

f our tree; they are described explicitly in the program in section 8.

’.1. Initialization

Initialization takes place during a single tree-transversal in mixed
re~ and in-order. When a node is processed its father-pointers and its
osition and in case of internal nodes its rank are stored in the appropri-
ite fields. The needed computations are based on the following relations:
i) the fathers of the top are nil; the fathers of a direct son v of a

node w where RANK(w) = d satisfy

FATHER (v,j) w for j <d
FATHER (v,j) = FATHER (w,j) for j > d.
The node w is accessible during the processing of v by use of a param-

eter fath in the recursive procedure which executes the tree-trans-

versal

e
e
N

the level of a node is one less than the level of its father
iii) the position of an internal node equals the number of leaves en-

countered after its lefthand subtree has been processed. This number




is accessible by means of a global variable count. (It is this evalu-
ation of the position where in-order traversal is used).
iv) The rank of a node depends only on the level and can be stored using
a table ranks of size k+l.
nce having precomputed the ranks using the local procedure fillranks, the
bove relations show now the static structure is initialized without having
illegitimate" instructions like multiplications and bit-manipulations, in
ime O(log log n) per node processed. Since there exist 2.n - | nodes this
hows that the initialization takes time O(n log log n). The space require-
ents 0(n log log n) follow since the space needed for each node is
(log log n).
Since the level is not part of the static information it may be re-

resented as a local variable of the recursive initialization routine.

.2. Operations

The extended instruction repertoire can be expressed (disregarding the
oubly linked list operations) in terms of three primitive operations ins,
el and neighb. Each of these operations is described by a linearly recur-
ive procedure. The procedures are called upon the complete tree of rank h.
f called upon a canonical subtree the procedures either terminate within
onstant time independent of the rank, or the procedure executes a single
all on a top or bottom canonical subtree of rank one less, preceded and
ollowed by a sequence of instructions taking constant time independent of
he rank. A call upon a subtree of rank 0, or any other trivial CS ter-
inates without further recursive calls of the procedure. From the above
ssertions which can be verified by inspection of the procedure bodies, it
ollows directly that the run—time of each procedure is of order

= riog log nl. The procedures ins, del, and neighb all have the property
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‘hat their innermost call is a bottom call, where we consider the complete

ree to be a bottom tree as well.

In the execution of an algorithm we have frequently the situation that
re have a CS with root t and leaf v and that we want to inspect or modify
‘he fields at t in the direction of v, i.e. the left-hand fields at t if v
.s a left-hand descendent of t etc. To decide whether a certain descendant
f t lies in the left- or right-hand subtree it is sufficient to compare
‘he positions of the two nodes. We have in general:

'he descendant v of t is a left-hand descendant if the position of v is not

;reater than the position of t.

Actually the position of a node was introduced to facilitate this easy
.est on the handiness of a descendant.

The procedures ins, del and neighb use the following primitive

perations.

wyfields (v,t) yields a pointer to the fields at t in the direc-
tion of v. This pointer is of the type
fieldptr.

ymin (v,t) yields the value of the min-field at t in the
direction of v (which happens to be a
pointer).

ymax (v,t] - analogous for the maxfield.

ourfields (v,t], yield the analogous values of the field at

ourmin (v,t) and t in the other direction.

ourmax (v,t)




inof (t) yields the leftmost value of the four pointer
fields at t if t is active, and riil other-
wise.

axof (t) yields the rightmost value analogously.

Finally the procedure clear gives the dynamic fields at its argument
he values corresponding to the non-active state. The identifiers mentioned
n the procedures mostly are of the type "pointer to node'" (ptr) where
node" is a record-type containing the fields mentioned in the preceding

ections.

.2.1. The procedure ins

ins is a function procedure yielding as result the value of a pointer
o the neighbour of the node being inserted. This neighbour is subsequently
sed for inserting the node into the doubly linked list. (It should be men-
ioned that we tacitly have generalized the meaning of neighbour to the
ase of a CS which is not the complete tree.)

ins has five parameters called by value; its procedure heading reads:

'unction ins (leaf, top, pres: ptr; nobranchpoint: boolean; order: integer):

ptr;

he meaning of the parameters is as follows:

rder: the rank of the CS on which the procedure is called
eaf: the node to be inserted

op: the root of the CS on which the procedure is called
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res: a present leaf (actually the minimal one) of the CS on which
the procedure is called of the same handiness as leaf at top
jobranchpoint: true iff leaf's side of the CS on which the procedure is

called contains no branchpoint.

At first glance the parameter pres seems to be unnecessary since its
ralue can be derived from the values of myfields(leaf, top). However in the
:ase where the CS under consideration is a top—CS of a CS of next higher
:ank the fields at top refer to nodes at a level far below the level of
.eaf and consequently their values may be misunderstood.

A call of ins terminates without further recursive calls if leaf's side
>f the CS under consideration does not contain a present leaf (pres = nil).
Jtherwise the nodes hl = FATHER(leaf,order-1) and hp = FATHER(pres,order-1)
ire computed. Now if nobranchpoint is true then hp is present without being
ictive and special actions should be undertaken in this case. In this case
11 is present iff hl = hp and depending on this equality either the bottom-

all

ins (leaf, hl, mymin (leaf, hl), true, order-1)
>r the top-call

ins (hl, top, hp, true, order-1)

is executed after having "activated" the right fields at hp and hl.
In this situation the procedure delivers pres as its value.
1f nobranchpoint is false then hl is present iff it is active which is

tested by inspecting its ub-field. If hl is active the bottom—call

ins (leaf, hl, mymin (leaf, hl), mymin (leaf, hl) = mymax (leaf, hl),

order-1)

BIBLIOTHEEK MATHEMATISCH CENTRUM
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; executed and its value is yielded as the result of i
»p—call

1s (hl, top, hp, nobranchpoint, order-1)

; executed after having set nobranchpoint := (hpt.ub =
:tivated the fields at hl and hp. This call yields as

yur of hl in the top-tree in nb, and depending the out
:tween the positions of hl and nb the value of insert

ixof (nb).

After these activities the fields at the top may h
1e current call is a call on a bottom-CS, which is the
juals the rank of top. From this point of view the com
msidered a bottom-CS, which explains why the levels a
:aves to the top.

The initial call of ins reads:

s (ej, root, mymin (ej, root), mymin (ej, rootl) = mym
jere it is assumed that ej is not a present leaf. This
rced by the calling routine insert.

For the complete PASCAL text of ins we refer to se

>ssible situations are illustrated in diagram 4.

,2.2. The procedure del

The procedure del yields no value. It has six para
iree of which are called by value, the others being ca

1e procedure heading reads:

rocedure del (leaf, top : ptr; inter; var presi1, pres2

nobranchpoint : boolean);

e, the

having
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mparison
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‘he meaning of the value-parameters is as follows:

leaf ¢ the leaf to be deleted
:op: the root of the CS considered

srder: the rank of the CS considered

The remaining parameters have after a call of del the following

neaning:

sres1, pres2: present leaves in the CS considered, one of them being the
neighbour of leaf (see explanation below)
jobranchpoint: true iff there occurs no branchpoint on the path from top to

pres 1.

A call of del should make non-present leaf and its ancestors up to the
lowest branchpoint but in doing so other nodes on different paths which were
ictive may have to become inactive. As long as this possibility holds
jobranchpoint remains true.

Proceeding downwards from the other son of the lowest branchpoint as
1ear as possible we arrive at the neighbour; if we however select always
he remotest present node, we arrive at a node which might be called the
wxtreme of leaf in the tree. The extreme, as a '"binary approximation" of
leaf is as good as the neighbour, but in the usual sense it is as far away
1s possible.

After a call of del, pres1 and pres2 are the neighbour and the ex-
reme of leaf ordered according to their positions (i.e. presi1+.pos <

pres2+.pos) .
del terminates without inner call if the lowest branchpoint equals top;

t this time press1 and pres2 are initialized with the values




surmin(leaf,top) and yourmax(leaf, top) and nobranchpoint is made true if
hese two values are equal.

Otherwise hl becomes the node halfway inbetween leaf and root and de-
eanding on whether leaf is the unique present son in its lower canonical
11f tree a recursive call of del is initialized on UC(hl) or LC(hl). After
»mpletion of this inner call the current call of del is completed as
>llows:

The values pres1 and pres2 are updated depending on whether the inner
11l just terminated was a top or a bottom call. If the last call was a top
111 then presi1:= minof(pres1); pres2:= maxof(pres2) and their equality is
asted again to decide whether nobranchpoint should remain true; if so the
>de formerly pointed at by pres1 is inactivated.

If the last call was a bottom call the ub field at the former top and
1e pointers away from pres1 at this node are inspected to decide whether
lere occurs a branchpoint at or above this node; if not the former top is
r1activated.

The fields at the current top are adjusted only when the current call
5 a bottom call.

The initial call to del reads:

21 (ej, root, h, p1, p2, nobrpt);

For the complete text of del see section 8. The calling routine delete

tkes sure that pt is a present leaf. For a situation leading to the in-

:tivation of a present node see diagram 5.

.2.3. The procedure neighb

The function neighb has five parameters which are called by value.

leir meaning is about equal to the meaning of the parameters in insert,
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pmin and pmax.

esent and nonpresent leaves. This is
pensive bit-manipulation on the posi-
her the neighbour is the predecessor
t.

ightmost present leaf on leaf's side

er call in the following cases:

‘esides on the other side of the tree

pmin - pmax; in this case neighb
n the usual sense without needing to
. of the tree. (See diagram 6).

the procedure neighb. If none of
all is performed. This inner call is a
. center level in between leaf and top
istances is equivalent to non-active)
endent of hl; otherwise a bottom call
35
max(pt, root), h)

on the unique present leaf neighb

ENT MERGEABLE HEAP

ind algorithm uses a representation of
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iets by means of the so—called Tritter trees. Each node in a tree corres-
oonds to a member of a set and contains a pointer which either points to
‘he name of the set if the node happens to be the root of his tree, or to
1is father in the tree otherwise. A UNION instruction is executed by making
‘he root of the smaller tree a direct son of the larger one (balancing). To
xecute a FIND instruction the node corresponding to the element asked for
.s accessed directly, and his pointers are followed until the root of his
ree is found; in the mean time all nodes which are encountered during this
)rocess are made direct descendants of the root, thus reducing the proces-

iing time at subsequent searches (path compression).

It has been established only recently how efficient the above algorithm
.s. Whereas its average processing time has been estimated originally as
'(log log n) (FISHER [5]) andVO(log* n) (HOPCROFT & ULLMAN [6] and indepen-
lently PATERSON (unpublished)), a final upper and lowerbound 0(A(n)) has
ieen proved by TARJAN [9]. Remember that log* n is the functional inverse
f the function 22:3n i.e. log* n equals the number of applications of the
ase-two logarithm needed to reduce n to zero. The function A(n) is a
unctional inverse of a function of Ackermann-type which is defined as

‘ollows:

lefine a by: a(0,x) = 2x; a(i,0) = 0; a(i,!)

2 for i 2 0; and

(i+1,x+1) = a(i,a(i+1,x)). Then we let A(n) = min{j | a(j,j) =n}.
The above definitions differ only inéssentially from the ones given by
ARJAN).

To obtain a mergeable heap we replace the unordered collection of sons
f a certain node by a priority queue where the 'value'" of a node equals

he minimal element in the set formed by this node and its descendants; see

dagram 7.
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In such a representation the instructions are executed as follows:

JNION: The root-priority queue of the structure containing the least number
>f elements is inserted in the root-priority queue of the other structure

it the place corresponding to its least element.

FIND: First one proceeds from the element itself upwards to find the root-
riority queue of the structure to which it belongs. Next, going downw;rds
from this root back to the element the priority queus along this path are
lisconnected by delete operations. The queues are then inserted in the root

)riority queue at the position of their (possibly modified) least element.

[IN: By executing a min-instruction at the root-priority queue of a struc-
ure its least element will become known; a FIND instruction on this element

rill yield access to the location where it is stored.

NSERT & DELETE: These operations are reduced to the priority queue insert

nd delete by first executing a FIND instruction. The same holds for MEMBER.

In doing so the average processing time for an instruction becomes
(n) times the processing time for the priority queue instructions used.
s long as the latter time is not reduced below 0(log n) the proposed re-
'resentation of a mergeable heap should be considered inefficient, since
‘here are 0(log n) structures known for mergeable heaps (2-3-trees with un-
rdered leaves [1]). Using our new efficient priority queue the proposed
icheme becomes (as far as time is concerned) more efficient than the
raditional ones.

For the above application we have to deal with a large number (0(n)) of

istinct priority queues simultaneously.




If one has to represent several priority queues it makes sense to sep-—
rate the static and dynamical information in the nodes. The static informa-
lon is about equal for each queue. More in particular, using an "address
lus displacement" strategy, where the position of a node is used as its
ldress, one has access to each node whose position is known. Since all
ydes are accessed by father pointers from below, or by the downward poin-
ors from the dynamical information, it is sufficient to have available a
ingle pre-computed copy of the static information in a stratified tree.

r each queue involved in the algorithm a O(n) size block of memory,
lrectly accessible by the position of a node, should be allocated for the
rnamical information.

Using the above strategy we arrive at the O(n log log n . A(n))-time,
[nz)—space representation of a mergeable heap promised in the introduction.
: is clear that the larger part of the space required is never used, and
ickily there is a well-known trick which allows us to use this much space
.thout initializing it [1]. Still it is a reasonable question whether some
rmamical storage allocation mechanism can be designed which will cut down
l1e storage requirement to a more reasonable level.

A direct approach should be to allocate storage for a node at the time
1ls node is activated. This method, however, seems to be incorrect. One
iIst be able to give the correct answer to questions of the following type:
lere I am considering a certain CS with root top and some leaves pres and
af, where pres is present and leaf is not. Let hl be the ancestor of leaf
. the center level. To decide whether hl is active, and, if so, where it is
located." Inspection of the ancestor at center level of pres will yield
le correct answer only if pres is actually the neighbour of leaf; this

wever is not guaranteed in our algorithm.
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The same problem arises if one first tries to compute the neighbour of
leaf. Consequently it seems necessary to reserve a predetermined location to
store hl which can be accessed knowing the position of hl in the CS under
:onsideration and having access at its root.

The following approach yields a representation of a mergeable heap in
space 0(n.v/n) without disturbing the 0(log log n) processing time. Consider,
1 rank d tree. As long as its left or right-hand side subtree contains not

lore than one present leaf, all necessary information can be stored at the

root of the tree. If at a certain stage a second leaf at the same side must
>e inserted, the complete storage for the top tree is allocated as a conse—
:utive segment, and a pointer at the root is made to, refer to its initial
iddress. In particular the nodes at the center level now have been given
‘ixed addresses which are accessible via the root. The center-level nodes
hemselves are considered to be the roots of bottom trees of rank d - 1|
thich are treated analogoﬁsly. In this manner a call of ins will allocate
1ot more than 0(/n) memory cells, whereas neighb does not use extra memory
\nd del may return the space for a top tree if both sides of its envelop-
ying CS have been exhausted except of a single leaf.

The initial address of the current relevant storage segment is given
'S a new parameter to the procedures whose value is passed on to an inner
:all, unless all envelopping calls are bottom calls.

The 0(n/n) bound on the used memory for the mergeable heap algorithm
s obtained by noting that at-each intermediate stage the information con-
.ents are equal to one obtained by executing not more than n ins instruc-
ions.

We complete this section by noting that the storage requirements may

e further reduced by replacing the binary division of the levels by an
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—ary one for r > 2, which might result for each ¢ > 0 invan O(n log log n .

. A(n))-time, 0(nl+€)-space representation of a mergeable heap.

7. REDUCIBILITIES AMONG SET-MANIPULATION PROBLEMS

The on-line manipulation of a priority queue, which is also known as
‘he on-line insert-extract min problem, is one out of a multitude of set
1anipulation problems. Each of these problems has moreover a corresponding
ff-line variant. In the off-line variant the sequence of instructions is
iven in advance and the sequence of answers should be produced, the pro-
rammer being free to choose the order in which the answers are given.

Clearly, each on-line algorithm can be used to solve the off-line
ariant, but the converse does not hold.

In [3] we have investigated the reducibilities among the one-line and
ff-line versions of the insert—extract-min-, union-find- and insert-allmin -
roblems. Here we say that a problem A can be reduced to a problem B if an
lgorithm for B can be used to design an algorithm for A having the same
rder of complexity. If moreover A and B are both off-line problems it
hould be possible to translate an O(n)-size A problem on a 0(n)-size struc-
ure into an O(n)-size B problem on a O(n)-size structure in time 0(n).

It has been shown by HOPCROFT, AHO & ULLMAN that the off-line insert-
xtract min problem is reducible to the on-line union-find problem [1]. Be-
ow we indicate how the off-line union-find problem and the off-line insert-
llmin problem are reduced to each other. Together with the "natural" re-
uction of on-line insert-allmin to online insert-extractmin these reduci-
ilities are represented in diagram 8 (the acronyms denoting the problems

iscussed).
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7.1. The reduction OFIAM < OFUF

The reduction below is a modification of the reduction OFIEM < ONUF in
S11.

Consider a sequence of insert and allmin instructions. For each in-
struction insert (j) we construct an object xj. For each instruction
211lmin(i) we construct a barrier b.. The value i is called the height of bi'

Consider the sequence of objects and barriers in their original order.
‘learly object xj will be removed by the allmin instruction corresponding
0 the first following barrier with height 2 j.

We gather all objects xj between two consecutive barriers b. and bi
n a set S(bi) having the top barrier as name. Clearly the union instruc-
:ions needed to build these sets can be generated off-line in linear time.

Next we generate for j = 1,2,...,n the instruction find(j), followed
'y instructions to remove all barriers having height j. A barrier b. is
‘emoved by uniting the set having this barrier as a name with the set named
'y the nearest remaining barrier bk above bj' Note that it is illegal to
nclude "computed arguments' in a sequence of instructions which are to be
xecuted off-line. However by keeping the active barriers in a doubly linked
.ist we can compute bk during the process of translating the insert—allmin
mnstructions into union-find instructions. Clearly the above translation
:an be executed in time 0(n).

It is left to the reader to verify that the result of executing a
‘ind(i) instruction in the resulting sequence yields the barrier corres-

onding to the allmin instruction which removes 1i.

.2. The reduction OFUF < OFIAM

Consider a sequence of union and find instructions. We first build a

yinary tree by executing the subsequence of all union instructions as




ollows: For each union instruction a new vertex is created having the two
ets from which the union is formed as sons. At each vertex we store, more-
ver the name which is given to the union, and the time (number of the in-
truction) at which the union is formed. Without loss of generality we may
ssume that the final result is a single tree (otherwise add a number of
gtra union instructions).

Clearly construction of this tree takes time O(n).

By running through the sequence of instructions another time we can
rganize for each element j a linear list of all the times at which instruc-
ion find(j) must be executed.

Next we will traverse the tree in post order (i.e. first visit the
ibtrees and next visit the root). While traversing the tree we have avail-
>le a bucket containing a set of find instructions.

Whenever we visit a leaf of the tree (i.e. a vertex which represents
singleton), we throw into the bucket all the find instructions corres-
)nding to this leaf (i.e. all instructions find(i) where {i} is the set
:presented by the leaf).

If we process an arbitrary vertex v we remember that the set which is
:presented by v contains the elements represented by the leaves of the sub-
‘ee with root v, during the period starting with the formation of the
1tion (which time T is stored at vertex v) and the time T' at which this
't is united into a larger set (which time is stored at the father of v).
mce we should throw out of the bucket all find instructions having times
itisfying T < t < T'. Since the two sons of v already have been processed,
nd's with time < T are no longer in the bucket and consequently we should

move from the bucket all find's with time < T'. This is an allmin instruc-
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tion. It is clear that if find(i) is removed at vertex v then find(i) is
answered by the name of the set stored at v.

Up to this point everything that we have described can be executed in
time O(n) for the complete tree, but this allmin instruction makes the
algorithm nonlinear (assuming that no linear algorithm is known for the
insert-allmin problem).

It is clear that, after having constructed the tree, the complete se—
quence of insert and allmin instructions which is going to be executed on
the bucket can be computed by traversing the tree once in post order. This
shows that the off-line union-find problem is reducible to the off-line

insert-allmin problem.

8. THE PROGRAM

The program follows exactly the syntax of Standard Pascal [11], with
the exception that (x and %) are used to begin and end a comment.
Together with a driver here omitted it has worked correctly to maintain

1 priority queue of size 2048 in (in octal) 150000 words of central memory.
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PROGRAM FRICRITYGQUEUE(INPUT, OUTPUT);

¥ *
CONST W = 512; K = 9; H=1U; (N =2 ;2 <KK= 2 ¥)

[YPE PTR = "NCDE; FIELDPTR = "SUBTKEE;
SUBTREE = RECORD MIN, MAX: PTR END;
NODE = RECORD POSITION: 1..N; FATHERS: ARRAY[O0..H] OF
CASE (* INTERNAL: #) BOOLEAN OF
TRUE: (UB: (MINUS, UNDEF, PLUS);
LEFT, RIGHT: FIELDPTR;
RANK: 0..H);
FALSE: (PRESENT: BOOLEAN; PRED, SUCC: PTR);
END;

TAR ROOT: PTk; CARDINALITY: 0..N; ELEMENTS: ARRAY[1..N] OF
"UNCTION MYeiIN(LEAF, TUP: PTR): PTK;

b
3JEGIN IF LEAF™.POSITIOL <= TOP".POSITION THEN

MYMIN:= TOP".LEFT".MIN ELSE MYMIW:= TOP™.RIGHT  .MIN
iND;

"UNCTION MYMAX(LEAF, TuP: PTkK): PTR;
JEGIN IF LEAF™.POSITION <= TUP".POSITIUN THEN
MYMAX:= TOP".LEFT" .MAX ELSE MYMAX:= TOP".KIGHT  .MAX
IND;
'UNCTION MYFIELDS(LEAF, TOP: PTR): FIELDPTR;
JEGIN IF LEAF™.PGSITION <= TOP".POSITION THEN
MYFIELDS:= TOP".LEFT ELSE MYFIELDS:= TOP".RIGHT
\ND;
'UNCTION YOURMIN(LEAF, TOP: PTR): PTR:
JEGIN IF LEAF™.POSITION > TOP".POSITION THEN
YOUEMIN:= TGP™ ,LEFT" .MIN ELSE YOURMIN:= TOP”.RIGHT " .MIN
ND;
'UNCTION YOUEKMAX(LEAF, TUGP: FTR): PTk;
EGIN IF LEAF™.POSITION > TOP".POSITION THEN
YOURMAX:= TOP" .LEFT" .MAX ELSE YOURMAX:= TUP".RIGHT  .MAX
ND;
UNCTION YOUKFIELLS(LEAF, TGP: PTR): FIELLPTkK;
EGIN IF LEAF™.POSITION > TOP™.POSITION THEN

YOURFIELDS:= TOP".LEFT ELSE YOURFIELDS:= TCUP".RIGHT
ND;




[ION MINOF(TOP: PTh): PTR;
R TEMP: PTK;

V TENMP:= TOP".LEFT  .MIn; IF TEMP
VOF:= TOP" .RIGHT  .MIn ELSE MINOF:

FION MAXOF(TUP: PTR): PTR;

R TEMP: PTK;

V TEMP:= TOP™ .RIGHT™ .MAX; IF TEMP =
XOF:= TOP".LEFT”.MAX ELSE MAXOF:= T
iDURE INTOLIST(LOW, MED, UPP: PTR);
N IF LOW <> NIL THEN LOW™.SUCC:= ME
UPP <> NIL THEN UPP" .PRED:= MED;
>" .PRED:= LOW; MED".SUCC:= UPP;

)" .PRESENT:= TRUE; CARDINALITY:= SU
iDURE FROMLIST(LOW, MED, UPP: PTk);
N IF LOW <> NIL THEN LOW~™.SUCC:= UP
UPP <> NIL THEN UPP” .PRED:= LOW;

D" .PRED:= NIL; MED".SUCC:= NIL;
5" .PRESENT:= FALSE; CARDINALITY:= P

[ION MIN: INTEGEK;

R PT: PTk;

N PT:= MINOF(ROOT); IF PT = NIL THE
Ni= PT™.POSITION

TION MAX: INTEGER;

R PT: PTh;

N PT:= MAXOF(ROOT); IF PT = NIL THE

X:= PT" .POSITION

I'ION MEMBEK(J: INTEGERK): BOOLEAN;

N IF (J > 0) AND (J <= N) THEN MEMB
SE MEMBER:= FALSE




ROCEDURE CLEAR(V: PTR);

EGIN WITH V- DO
BEGIN LEFT” .MIN:= NIL; LEFT " .MAX:= NIL;
RIGHT := LEFT"; UB:= UNDEF
END
ND;

ROCEDURE STAKT;

VAR I, COUNT, LASTDIVZ2: INTEGER; EVEN: BCULEAN;
KR&NKS, DIV2: ARRAY[0..K] OF INTEGER;

PROCEDURE FILLRANKS(L, U, R: INTEGEK);
VAR M: INTEGEK;

BEGIN M:= L + DIV2[U - LJ]; RANKS[M]:= R; IF M > L + 1 THEN
BEGIN FILLKANKS(L, My, R = 1); FILLRANKS(M, U, R - 1) END
END;

PROCEDURE INITIALIZE(FATH: PTK; LEVEL: INTEGER);
VAR I, KNK: INTEGER; V: PTR;

BEGIN IF LEVEL > O THEN NEw(V, TRUE) ELSE NEW(V, FALSE);

WITH V- DO

BEGIN RNK:= FATH™ .RANK;
FOR I:= 0 TO RNK DO FATHERS[I]:= FATH;
FOR I:= RNK + 1 TO H DO FATHERS[I]:= FATH ™ .FATHERS[I];
IF LEVEL = 0 THEN
BEGIN PRESENT:= FALSE; SUCC:= NIL; PRED:= NIL;

COUNT:= COUNT + 1; POSITION:= COUNT; ELEMENTS[POSITIOn]:=

END ELSE

BEGIN WEwW(LEFT); NEW(RIGHT); CLEAK(V); RANK:= RANKS[LEVELI];
INITIALIZE(V, LEVEL - 1); POSITION:= COUNT;
INITIALIZE(V, LEVEL - 1)
END
END
END;
EGIN DIV2[0]:= 0; LASTDIV2:= 0; EVEw:= TRUE;
FOR I:= 1 TO K DO
BEGIN EVEN:= NOT EVEN;
IF EVEN THEN LASTDIV2:= LASTDIVZ + 1; DlvVe[I]:= LASTDIV2

END;
KAnKS[K]:= H; FILLRANKS(O, K, H = 1); CARDINALITY:= O;
NEw(ROGT, TRUE); WITH KOOT™ DO
BEGIN KANK:= H; NEW(LEFT); NEW(RIGHT);

CLEAK(KOOT); FOR I:= 0 TO H DO FATHERS[I]:= NIL
END;
INITIALIZE(KOOT, K - 1); ROOT”.POSITICW:= COUNT;
INITIALIZE(RGOT, K 1)
ND;




CEDURE INSERT(J: INTEGER);
AR EJ, NB, MIL: PTK;

UNCTION INS(LEAF, TOP, PRES: PTK; NOBRANCHPOINT: BOOLEA
CRDER: INTEGER): PTR;

VAR HL, HP, KB: PTR; FPTR: FIELDPTR;

EGIN IF PRES = NIL THEN
BEGIN FPTh:= MYFIELDS(LEAF, TOP); WITH FPTK~™ DO
BEGIN MIN:= LEAF; MAX:= LEAF END;
IF LEAF™ .PUSITION <= TOP".POSITION THEN
INS:= TUP " .RIGHT  .MIn ELSE INS:= TOP".LEFT" .MAX
END ELSE
BEGIN HL:= LEAF™ .FATHERS[ORDEK = 1]; HP:= PRES™.FATHER
IF WOBKANCHPOINT THEN
IF HP <> HL THEN
BEGIN FPTR:= MYFIELDS(LEAF, HL); WITH FPTR™ DO
BEGIN MIN:= LEAF; MAX:= LEAF END;
FPTR:= MYFIELDS(PRES, HP); WITH FPTK™ DO
BEGIN MIN:= PRES; MAX:= PRES END;
HL” .UB:= PLUS; HP".UB:= PLUS;
NB:= INS(HL, TOP, HP, TRUE, ORDER - 1);
INS:= PRES
END ELSE
BEGIN FPTKk:= MYFIELDS(PRES, HP); WITH FPTR™ DO
BEGIN MIwn:= PRES; MAX:= PRES END;
HP™ .UB:= MINUS;
INS:= INS(LEAF, HL, MYMIN(LEAF, HL), TRUE, OKDEk
END
ELSE IF HL".UB <> UNDEF THEN
INS:= INS(LEAF, HL, MYMIN(LEAF, HL),
MYMIN(LEAF, HL) = MYMAX(LEAF, HL), ORDER - 1)
BEGIN FPTk:= MYFIELDS(LEAF, HL); WITH FPTK™ DO
BEGIN MIN:= LEAF; MAX:= LEAF END;
NOBKANCHPOINT:= HP",UB = MINUS;
HL”.UB:= PLUS; HP".UB:= PLUS;
NB:= INS(HL, TOP, HP, NOBRANCHPOINT, OKDER - 1);
IF HL”.POSITION <= NB".POSITION THEN
INS:= MINOF(NB) ELSE INS:= MAXOF(NB);
END;
FFTh:= MYFIELDS(LEAF, TOUP);
IF TOP".RANK = ORDER THEN WITH FPTR™ DO
IF LEAF” .PGSITION < MIN".POSITION THEN MIN:
IF LEAF” .FOSITION > MAX " .POSITION THEN MAX:
END
iD;

LEAF
LLAF

[N IF NOT MEMBEK(J) THEN

iGIN EJ:= ELEMENTS[J]; MIN:= MYMIN(EJ, ROOT);

NB:= INS(EJ, ROOT, MIN, MIN = MYMAX(EJ, ROOT), H);

IF NB = NIL THEN INTOLIST(NIL, EJ, NIL) ELSE

IF NB™.POSITION < J THEN INTOLIST(NB, EJ, WB".SUCC) EL
INTOLIST(NB" .PRED, EJ, NB)

iD




'DURE UELETE(J: INTEGER);
! £J, P1, P2: PTk; NOBRPT: BOOLEAN;

ICEDURE UEL(LEAF, TUP: PTK; OKDEKk: INTEGER; VAR PRES1, PRESZ:
VAR NOEKANCHPOINT: BOOLEAN);

'AR FPTk: FIELDPTR; HL, HP: PTK;

IN FPTR:= MYFIELDS(LEAF, TOP); WITH FPTR™ DO IF MIN = MAX THEN
EGIN MIN:= NIL; MAX:= NIL;
PRES1:= YOURMIN(LEAF, TOP); PRES2:= YOURMAX(LEAF, TOP);
NOBRANCHPOINT:= PRES1 = PRESZ
ND ELSE
EGIN HL:= LEAF” .FATHERS[OKDER = 1];
IF MINOF(HL) = MAXOF(HL) THEN
BEGIN DEL(HL, TOP, OKDER - 1, PRES1, PRES2, NOBRANCHPOINT);
CLEAR(HL); HP:= PRES1;
PRES1:= MINOF(PRES1); PRES2:= MAXOF(PRES2);
IF NOBRANCHPOINT THEN
IF (PRES1 = PRESZ) THEN CLEAR(HP)
ELSE BEGIN NOBRANCHPOINT:= FALSE; HF " .UB:= MIKNUS END
END ELSE
BEGIN DEL(LEAF, HL, ORDER - 1, PRES1, PRES2, NOBRANCHPOINT);
IF WOBRANCHPOINT THEN
IF (RL".UBE = MINUS) AND (YOURMIN(PRES1, HL) = NIL)
THEN CLEAK(HL)
ELSE NUBKRANCHPOINT:= FALSE
END;
IF TOP".RANK = ORDER THEN
IF MIN = LEAF THEN MIN:
IF MAX = LEAF THEN MAX:
ND

e
9

PRES1 ELSE
PRES2

IF MEMBER(J) THEN
IN EJ:= ELEMENTS[J]; DEL(EJ, ROOT, H, P1, P2, NOBRPT);
ROMLIST(EJ™ .FRED, EJ, EJ™.SUCC)

DURE EXTRACTMIN; BEGIN DELETE(MIN) END;
DURE EXTRACTMAX; BEGIN DELETE(MAX) END;
DURE ALLMIN(J: INTEGER);

M: INTEGEK;

M:= MIN; WHILE (M > 0) AND (M <= J) DO
IN DELETE(M); M:= MIN END
DURE ALLMAX(J: INTEGER);

M: INTEGEK;

M:= MAX; IF J < 1 THEN J:= 1; WHILE M >= J DO
IN DELETE(M); M:= MAX END



VCTION NEIGHBEGUK(J: INTEGER): INTEGER;

VAR PT: PTR;

TUNCTION NEIGHB(LEAF, TGP, PMIN, PMAX: PTR; ORDER:
VAR Y, Z, WB, HL: PTKk; POS: 1..N;

3EGIN POS:= LEAF™.FOSITION;

IF (PiIN = NIL) OR ((PMIN = EMAX) AND (PMIN = LE
IF POS <= TOUP".PCSITION THEN NEIGHB:= YOURMIN(
ELSE WEIGHB:= YOURMAX(LEAF, TOP)

ELSE IF PLIN".FOSITION > FOS THEN NEIGHE:

ELSE IF PMAX".FCSIT10N < POS THEN NEIGHB:

ELSE

BEGIN HL:= LEAF”.FATHERS[OKDER - 1]; Y:= MINOF(H
IF ((Y = Z) AND (Y = LEAF)) OR (HL".UB = UNDEF
BEGIN NEBE:= NEIGHB(KL, TOP, PMIN~.FATHERS[ORDEK

PMAX" .FATHERS[OKDER - 1], OKDEk - 1);
IF HL™.POSITION < NB”.POSITION THEN NEIGHE:=
ELSE NEIGHB:= MAXOF (NB)
END
ELSE NEIGHB:= NEIGHB(LEAF, HL, MYMIN(LEAF, HL)
MYMAX (LEAF, HL), ORDER - 1)

PMIN
PMAX

END
IND;

3IN PT:= ELEMENTSLJ]; -
“T:= NEIGHB(PT, ROOT, MYMIN(PT, ROOT), MYMAX(PT, R
[F PT = NIL THEN NEIGHBOUR:= O ELSE NEIGHBOUR:= PT
J;

JCTION PREDECESSOR(J: INTEGERK): INTEGER;
VAR PT: PTh; KB: INTEGER;

3IN IF NOT WEMEEK(J) THEN wB:= NEIGHBOUK(J) ELSE i
[F ib < J THEN PREDECESSOR:= NB ELSE
3EGIN FT:= ELEMENTS[NE] " .PRED;

IF PT = NIL THEN PREDECESSOR:= 0 ELSE PREDECESSO
N
);

VCTION SUCCESSUK(J: INTEGER): INTEGEK;
JAR PT: PTR; NB: INTEGEK;

3IN IF NOT MEMEER(J) THEN NB:= NEIGHBOUR(J) ELSE i

[F B = 0 THEN SUCCESSOR:= N + 1 ELSE

[F B > J THEN SUCCESSOR:= NB ELSE

3EGIN PT:= ELEMENTSINB] .SUCC:
IF i = NIL THEN o>uliboovhi= o

SN

)3

+ 1 ELS}L CUU U ol

JCEDURE USERSPRUGRAM;
3IN (¥ 70 BE SUPPLIED BY THE USER %) END;

iIN START; USERSPROGRAM END.
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:= MAXOF(HL);
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F(NB)
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